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ABSTRACT
Let f be a meromorphic correspondence on a compact Kéahler manifold.
We show that the topological entropy of f is bounded from above by the
logarithm of its maximal dynamical degree. An analogous estimate for
the entropy on subvarieties is given. We also discuss a notion of Julia and

Fatou sets.

1. Introduction

of iterates f" := fo---

Let (X,w) be a compact Kéhler manifold of dimension k. A meromorphic
correspondence f : X — X is a meromorphic multivalued self-map on X. The

precise definition will be given in Section 3. One can compose correspondences
and consider the dynamical system associated to f, i.e., study the sequence

o f, n times, of f. Any projective manifold admits

dynamically interesting correspondences. The topological entropy h(f) of f is
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defined as in [1, 13, 12], see Section 4. It measures the divergence of the orbits
of f and the complexity of the associated dynamical system.

In this paper, we show that h(f) is bounded from above by the logarithm
of the maximal dynamical degree of f which is easier to compute or estimate.
The dynamical degree d,(f) of order p measures the growth of the norms of
f™ acting on the cohomology group HP?(X,C) when n tends to infinity, see
Section 3. Let I'f,) denote the graph of (f, 2., f") in XL We will use the
following intermediate indicator, introduced by Gromov [13], which measures
the growth of the volume of I',; :

lov(f) := lim log (Volume(I‘[n])l/n) )

n—oo

We will see that the last limit always exists. Our main result is the following
theorem which is new even for holomorphic correspondences. It answers a
problem raised by Gromov [13, 12].

THEOREM 1.1: Let f be a meromorphic correspondence on a compact Kahler
manifold (X, w) of dimension k. Let d,(f) denote the dynamical degree of order
p of f. Then

h(f) <lov(f) = (ax log dp(f)

The case of holomorphic maps was proved by Gromov [13], see also [12], and
the case of meromorphic maps was proved by the authors in [8, 7]. For other
contexts, see [6, 10, 3, 5] and the references therein. The proofs in the previous
cases cannot be extended to correspondences. We need here new geometric
ingredients. In the last two sections we extend the previous result to the entropy
of f on a subvariety of X and we discuss a notion of Julia and Fatou sets
for correspondences. Our goal is also to develop a calculus for meromorphic
correspondences.

Note that if f is a holomorphic self-map on X, by Yomdin’s theorem [20], we
have h(f) > max,logd,(f); then h(f) = max, logd,(f), see also [15, 17, 16, 11,
18]. However, this is false for holomorphic correspondences, even in dimension 1.
Let (z,w) denote the canonical affine coordinates of C x C in P! x P1. Consider
the correspondence f on P! with irreducible graph I' C P! x P! of equation
w? = 22 + 1. The reader can check that do(f) = d1(f) = 2 and h(f) = 0.
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2. Regularization of currents

Recall that the mass of a positive (p, p)-current T on a compact Kéhler manifold
(X,w) of dimension k is given by ||T|| := (T,w*~P). It depends continuously on
T. When T is positive closed, |T'|| depends only on the class of T'in H??(X, C).
In order to simplify notation, if Y is an analytic set of pure dimension in X,
we often denote by Y, instead of [Y], the current of integration on Y and by
[IY]| its mass. The main tool used in the proof of Theorem 1.1 is the following
result.

THEOREM 2.1 ([8, 7]): Let (X,w) be a compact Kdhler manifold of dimension
k. Let T be a positive closed (p, p)-current on X. Then there are positive closed
(p, p)-currents T and a constant ¢ > 0 independent of T such that

i) T=T%—-T" and ||T*|| < ¢|T|;
ii) TF are limits of smooth positive closed (p,p)-forms on X.

We deduce the following consequence.

COROLLARY 2.2: Let 7 : (X1,w1) — (X2,ws) be a holomorphic map between
two compact Kéhler manifolds. Let Y C X; be an analytic subset of pure
dimension and let Y’ be a Zariski open subset of Y such that the restriction T
of m to Y’ is locally a submersion on Xo. If T is a positive closed current on
Xo, then 7*(T') extends to a positive closed current on X such that

=D < YT,

where the constant ¢ > 0 depends only on (X1,w1), (X2,ws) and 7.

Proof. Observe that 7*(T) defines a positive closed current on the Zariski open
subset X \ (Y \Y’) of X. If 7%(T) has finite mass, a theorem of Skoda [19]
implies that its trivial extension defines a positive closed current on X. Then,
we only need to estimate the mass of 7* (7).

The constants that we use here are independent of Y, Y/ and T. By Theorem
2.1, there are smooth positive closed forms T}, converging to a current 7" > T
and such that ||T,| < ¢/||T||. Tt follows that there is a constant ¢’ > 0 such
that ¢’||T||w} — T, is cohomologous to a smooth positive closed form for every
n. Here, (p,p) is the bidegree of T and we use the fact that HP?(Xs,C) has
finite dimension. So the class of T}, is bounded by the class of ¢’||T||w}. Since
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7 is locally a submersion on Y’ C Y, we have
[7(T)Il < limsup [[Y A7 (Ty) || < TN Y A7 (@) < el Y] T
n—oo
In the last inequalities, we use the fact that the mass of a positive closed current
depends only on its cohomology class. |

Remark 2.3: If T is the current of integration on a subvariety Y5 C X5 then we
obtain from the previous corollary that

Y na=t ()] < ellY] Y]

This is a Bézout type theorem in which we do not assume that the intersection
Y N7~ (Ys) is of pure dimension.

3. Correspondences and dynamical degrees

Let m; and 79 denote the canonical projections of X2 onto its factors. A mero-
morphic correspondence f on X is given by a finite holomorphic chain
I =>"T; such that

i) for each i, I'; is an irreducible analytic subset of dimension k of X?;
i) m and mo restricted to each T'; are surjective.

We call ' the graph of f. We do not assume that the I';’s are smooth or
distinct. Of course, we can write I' = anf} where n; are positive integers
and I‘; are distinct irreducible analytic sets. Then, a generic point in the support
UTY of T belongs to a unique I'; and n; is called the multiplicity of I at x.
In what follows we use the notation > T';. The indice ¢ permits to count the
multiplicities. Let I'™! denote the symmetric of I" with respect to the diagonal
of X2. The correspondence f~! associated to I' ! is called the adjoint of f.

Observe that if 2 and © are dense Zariski open sets in X, then, by condition
ii), all components of " intersect 7, *(€2) N7y *(Q'). Hence, T is the closure of
its restriction to 7, *(Q) Ny *(Q). We will use this property several times.

We define formally f := 73 0 (7r1|p)_1. More precisely, if A is a subset of X,
define

f(A) = m(r(A)NT)  and  f7HA) = m(my H(A) NT).
So, generically the fibers f(x) and f~!(z) are finite subsets of X. The sets
L(f)={ze€X, dimm '(z)NT >0}
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and
L(f)={zeX, dmm;'(z)NT >0}

are the first and second indeterminacy sets of f; they are of codimension
> 2. One can compare the restriction of m; to I' with a blow up of X along
I (f) and 7 (I, (f)) NT is contracted by m; to I1(f). If I;(f) = 0 we say that
[ is holomorphic. If generic fibers of ;1 contain only one point, we obtain a
dominant meromorphic self-map on X.

We can compose correspondences. Let f and f’ be two correspondences on
X of graphs I' = Y. Ty and IV = Zj I in X?2. Then, the graph of f o f’ is
equal to'o IV := Zi,j [ oI}, where I'; o I'; is defined as follows.

Let P;(f) denote the smallest analytic subset of X such that m; restricted
to T\ m; *(P;(f)) defines an unramified covering over X \ P;(f). Let Q C
X \ Pi(f) be a dense Zariski open subset of X. Let ' C X \ Pi(f') be a
similar Zariski open set for f’ such that f/(€') C 2. We can choose for example
=X \P(f)\fF~HX\Q). Let X be the closure in X? of the set

{(,2) e ¥ x X, thereisy € X with (z,y) € I'j and (y, 2) € I

The composition I'; oF;- is the holomorphic k-chain with support in ¥ where the
multiplicity of a generic point (z, z) is defined as the number of y’s satisfying
the previous conditions.

Observe that ¥ and I" o IV do not depend on the choice of  and Q'. Note
that compositions of irreducible correspondences can be reducible. This is the
reason why we have to deal with multiplicities. For example, if the graph I' of
an irreducible correspondence f is symmetric with respect to the diagonal of
X? and if the degree of 7y r is larger than 1 then f 2 is reducible since its graph
contains the diagonal A of X2 as one component. Note also that the graph of
f o f~! contains A but in general we do not have f o f~1 = id.

Correspondences act on smooth forms. If « is a smooth (p,p)-form on X,
define

[ (@) = (m)«(TAmsa) and  fi(a) = (m2). (T A7ia).
Recall that we identify I" with the current it represents. Observe that if « is

positive closed then f*(«) and f.(«) are positive closed (p, p)-currents which are
smooth on a dense Zariski open set and have no mass on analytic subsets of X.

L if we take (z,z) € X x X, we may obtain components whose projections are not equal to
X; this is the case for the iterates of non-algebraically stable maps in the sense of [18].
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They are represented by forms with coefficients in .#. For example, f*(a) is
smooth in X \ P;(f) and has no mass on P;(f). Moreover, if the positive closed
(p, p)-forms « and o are cohomologous then f*« and f*«/ (resp. fia and f.a')
are cohomologous; in particular, we have || f*«| = || f*¢/|| and || fea|| = || f¢]|-
Define

() = I @) = /X F*(@P) AWk = (T, mwP A miwh?)
_ / o) Ao,
X

This integral can be computed cohomologically. It measures the norm of the
linear operator f* acting on the cohomology group HP?(X, C).

The following proposition shows that the sequence (c)\p( f ”)) is sub-multipli-
cative, see also [9]. Hence, \,(f™)'/™ converge to a constant d,(f). We call
d,(f) the dynamical degree of order p of f. It is easy to check that do(f)
and di(f) are the topological degrees (i.e. the number of points in a generic
fiber counted with multiplicities) of 7| and 7o p and that d,(f™) = dp(f)".

PROPOSITION 3.1: Let f and f’ be two correspondences on (X,w). Then, there
exists a constant ¢ > 0 independent of f and f’ such that

Ap(f © f/) < C)\p(f)Ap(f/)-

For the proof we will need the following lemma.

LEMMA 3.2: Let Q C X \ Pi(f) and @ C X \ Pi(f’) be dense Zariski open
subsets of X such that f(Q) C X \ Pa(f) and /() C Q\ P(f’). If S is an
arbitrary current on X, then

(fo f/)\*Qf(S) = fl\*Qf (f|*Q(S))

Proof. Let U be a small neighbourhood of a point in €’. Since Q' NP, (f') = @,
the restriction of f/ = my o (ﬂ'”r/)_l to U is given by a family of biholomorphic
maps u, : U — U, C Q. If U is small enough, f = 7r20(7r1|p)_1 restricted to each
U, is given by a family of biholomorphic maps u,s : U, — U,s C X. Hence fo f’
restricted to U is given by the family of biholomorphic maps u,sou, : U — U,;.
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We have
Fio(fia(8)) = Y ur(D_ur(9) =D up(w(9))
= Z(UTS our)*(8) = (fo fl)rU(S)-
This implies the lemma. |

Proof of Proposition 3.1. Observe that (f o f’)*(wP) is a positive closed cur-
rent on X. Moreover, outside an analytic set, (f o f/)*(wP) and f"*(f*(wP))
are well-defined and smooth. We obtain from Lemma 3.2 that these forms
are equal on some Zariski open set €’. By Theorem 2.1, there exist positive
closed smooth (p, p)-forms T,,, converging to a current T" > f*(wP), such that
1Tl < c|lf*(wP)]| = eAp(f). Hence, there is another constant ¢ > 0 such that
eAp(f)wP — T, is cohomologous to a smooth positive closed form for every n.
We have

1 e (" (@P)) I < 1i7lisogp|\f’*(Tn)|\ < (DI @) = eAp(HA ().
Hence, since (f o f')*(wP) has no mass on analytic sets,

ICF o £ @) = 1(f o fier @) = 1 o (@M I < eXp(HA(F)- B
Remark 3.3: Let Ay 4(f) denote the norm of f* on HP¢(X,C). One can prove
as in [4] that

Apa() < ey X (FA(S)

where ¢ > 0 is a constant independent of f. This inequality and the Lefschetz
fixed points formula allow to get an asymptotic estimate of the number of
periodic points of order n of f when they are isolated. For example, if dj(f)
is strictly larger than the other dynamical degrees, this number is equal to

de(£)" (1 + o(1)).

4. Entropy
We now define the topological entropy of f. We call n-orbit of f any sequence
(.I'O,il, $17i2; T2yevey Tp—1, inz-rn)

where xg, ..., 2, are points of X with z, &€ I1(f), and i1, ..., i, are indices
such that (z,_1,z,) € ;. for every r. Let .Z be a finite family of n-orbits of f.
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We say that .# is e-separated if for all distinct elements in %

. . 3 ! -/ A -/ ! ! -/ !
(0,81, 1,92, %2, « oy L1, bn, Tn)  and  (x(,47, 21,05, X5, ..oy Ty _q, b0, T7,)

we have either i, # i, or distance(z,,z]) > € for some r. As we already
explained, the indices i, allow to count the multiplicities. When I" is irreducible,
we always have i, = i/., then the indices i, in the definition of n-orbit can be
dropped. But since we are going to consider the graph of f™, we cannot deal
only with the irreducible case.

Definition 4.1 (see [1, 13, 12]): Define the topological entropy of f by

1
h(f) :=sup lim —logmax {#ﬁ, Z an e-separated family of n-orbits of f}

e>0 NN

We say that the n-orbit & = (xo, i1, z1,12, T2, ..., Tn—1,in, T,) is regular if
for every 1 < s < n, I';, is, in a neighbourhood of (zs_1,xs), a graph over
each factor of X2. Since any n-orbit can be approximated by regular n-orbits,
in Definition 4.1, one can consider only regular orbits. This is why we will
consider only the extension by zero of all the currents defined on a Zariski open
set.

As observed in [13, 12], f is conjugated to a shift o on the space X, the
closure of the set of the infinite orbits (zg,41,21,%2,.-.,%n, Tn,...). It follows
that h(f) = h(o), and since o is continuous, one gets that h(f™) = nh(f). By
Definition 4.1, we also have h(f~!) = h(f).

Let M = {m,...,ms}, with 0 < m; < mg < --- < myg, be a multi-index.
We define the graph T'as of (f™1,..., f™) in X**! as the closure of the set of
points (o, Tmyy -« Tm,) € X*+! associated to a regular m,-orbit

0= (1‘0,7,1,1‘1,12,1‘2, .- 'ﬂzmsflvlmsvxms)'

This is a holomorphic k-chain in X! where the multiplicity of a generic point
(20, Tmyy - -+, Tm,) in Ty is the number of the associated regular ms-orbits &.
If M = {n} we obtain the graph T, of f* in X2 If M = {1,...,n}, we obtain
the graph I,y of (f, f2,..., f") in X1,

Let IT; : X™*t! — X denote the canonical projections on the factor of index i,
0 <4 < n. Define w; := IT} (w). We use for X"! the canonical Kihler form,
wo + - - + wy. Recall that

lov(f) = limsup log (volume(F[n])l/”) = lim sup log || T'[,; /7.

n—oo
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We divide the proof of Theorem 1.1 in two parts.

Proof of the inequality. We follow an idea due to Gromov [13], see also [12].
Let # be an e-separated family of regular n-orbits of f. We have to com-
pare #.7 with [[I';,)||. We associate to each element & = (xo,i1,...,in, Tn)
of .# an open set #s C TI'[,) which is the set of the points (zg,...,z;,) €
X"+ with (2)_y,2!) € T;, and distance(x’., z,.) < €/2 for every r. Here, the
distance between two points in X" *! is the maximum of the distances between
their projections on factors of X™*1. Since .Z is e-separated, the balls %4 are
disjoint (two balls with indices (i1,...,4,) # (i},...,4,,) are also considered as
disjoint balls). Hence, the total mass of all the % is smaller than ||, ||.

On the other hand, B¢ contains an analytic subset of dimension k of the
ball of diameter € and of center (zo,...,2,) in X"*1. A theorem of Lelong [14]
implies that ||Ze|| > ce2* where ¢ > 0 is a constant independent of € and of n.

Then, the number of A, which is equal to #.%, satisfies
#ﬂ < 071672k||1—‘[n] ||
The inequality h(f) < lov(f) in Theorem 1.1 follows from Definition 4.1. |

Proof of the equality. Recall that 71, m : X? — X denote the canonical pro-
jections. We have

k k
* * k * — * k n
|rn||<rn,(w1w+w2w>k>§:( )<rn,wk ”Mgwp>§:< )w )
p=0 p =0 p
Hence
ny < < k n )
(1) gnax Ap(f") < [Pl < 2% max Ay (f")

On the other hand, the projection of I'j,; on the product X 2 of the first and
the last factors of X", is equal to T',. It follows that [|T',)[| > ||y ||, hence

lov(f) > liminf log ||I’[n]||1/" > maxlogd,(f).

For the other inequality, it is enough to show that ||| < n* (6 + €)™, where

d = max,d,(f) and € is a fixed positive constant. This also implies that

1/n

lim log || 'y [|*/™ exists. We have

”F[n]” = <F[n]a (WO +oeeet Wn)k> = Z <F[TL]’wn1 ASERRA wnk>'
0<ns<n
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We only need to prove that (I, wn, A+ Awy,) < c(d+€)", ¢ > 0. The
following proposition will be useful for that purpose.

PROPOSITION 4.2: There is a constant c¢s > 0 independent of the multi-index
M ={mq,...,ms}, 0 <my <--- < mg, such that

IDall < s (64 €)™

Proof. The proof uses an induction on s. For s = 1 we have I'yy = I'y,,, and
the desired estimate follows from the relation (1).

Assume the proposition for |[M| = s — 1. We will prove it for |[M| = s.
Let 71 : X°t! — X2 Dbe the canonical projection on the two first factors
and let 7 : X*t1 — X® be the projection on the s last factors. Define
M’ :={mg—my,...,ms—m;}. We will prove that Tn; = 7, (T, ) N7 " (Tasrr)
in a Zariski open set, then we will apply Corollary 2.2.

Let Q C X be the Zariski open set of all the points xp € X which admit
do(f)™= regular mg-orbits, i.e. the maximal number of regular mg-orbits. Let
Q.41 denote the Zariski open subsets of points in X*+! whose projections on
the first factor X belong to 2. Observe that I'j; N Q441 is Zariski dense in I'py.
Hence, we only need to estimate ||Tar N Qsy1]|.

Consider a regular ms-orbit & := (zg,i1,...,im,, Tm.), To € 2, associated
with a point z in T'pr N Q1. The point 7 (z) is associated with the regular
my-orbit &1 := (g,41,. .., 9my, Tm, ), i.e. with a point in T',,,. The point 72(z)
is associated with the regular (mg — my)-orbit O := (T, imys -« - s bmay Tm, ),
i.e. with a point in T'p;r. It follows that in Qg41, I'ps is the intersection of
Tfl(le) with T;l(FI\/[/).

Let Q5 denote the Zariski open subset of points in X? whose projections on
the first factor X belong to 2. The choice of € implies that in Qg, I’y is
locally a graph over the second factor of X2. It follows that 7o, restricted to
Tl_l(le) N Qs41, is locally biholomorphic. Then, we can apply Corollary 2.2
and Remark 2.3 to m = 75, and to components of 7; (I',,, ) and T' ;. We obtain

ITarll = T2z 0 Qusall < ellri o)l T s | < €Ty [ 1Tl

where ¢, ¢ depend only on (X,w) and on s. The case |[M| =1 and the case
|M| =s— 1 imply the result. |

End of the proof of Theorem 1.1. We will prove that (I'j,), wn, A+ Awp,) <
c(6+e€)" ¢>0,for0<ng <--- <mp <n. Let IT: X"t — X*+1 be the
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canonical projection on the product of factors with indices 0, n1, ..., ng. We
show that IT defines a map of topological degree do(f)"~"* between I', and
Tar, where M := {nq,...,ng}.

Observe that if we fix a generic orbit &’ := (zg,i1,...,%n,,%n,) there are
do(f)"~™ choices for 0" := (in, +1,Tn,+15- - - %n, Tn) such that & = (0", 0")
is a point in I'y,). By definition, &" corresponds to a point in I'y;. Hence, II
defines a map of topological degree do(f)"~™* between I',,; and T'py.

If @ denotes the canonical Kéhler form on X*+1, then

<F[n],wm A.. ./\wnk> < <F[n],H* (@k» = do(f)n_nk <FM, LTJk> = do(f)n_nk ||F1\/[||
By Proposition 4.2, ||Tas|| < cx(6 + €)™ . The desired estimate follows. |

5. Entropy on a subvariety

Let Y C X be an analytic subset of pure dimension m or more generally a
holomorphic m-chain. Assume that for a generic point 2o € Y the sets f™(zg)
do not intersect I;(f) for any n > 0. Such a point admits n-orbits. We define
the entropy h(f,Y) of f on Y as in Definition 4.1 but we consider only the orbits
O = (20,41, ..,1n, Ty) starting from a point 2o € Y. Define the holomorphic
chain F[i] as the closure in X" *! of the set of n-orbits & = (xq,i1, 21, .. ,in, Tn)
with zg € Y generic, and
lov(f,Y) := 1irrlrlsot<1jp log (Volume(F[{l])l/").

We have the following result which generalizes Theorem 1.1.

THEOREM 5.1: Let Y be as above. Assume that all the orbits starting from a
generic point g € Y are regular 2. Then

h(f,Y) <lov(f,Y) < Og;)agxmlogdp(f).

Such an estimate should be useful in the study of dimensional entropies and
Lyapounov exponents. We refer to Newhouse [16] and Buzzi [2] for this purpose.
The proof uses the same idea as in Theorem 1.1. The first inequality is left to
the reader. For the second inequality, in order to estimate volume(I‘[};]), it is
sufficient to apply Proposition 5.2 below for T' = Y. Proposition 5.2 is more

2 this hypothesis is in fact not necessary, but the proof for the general case requires a
study of the pullback operator on currents that we will consider in a future work; for
meromorphic maps this hypothesis is clearly satisfied.
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general than Proposition 4.2. However, we keep Proposition 4.2 because its
proof contains a useful geometric argument.

Let M = {mq,...,ms}, 0 < my < --- < mg, be a multi-index. Let fM
denote the largest Zariski open subset of I'j; which is locally a graph over the
first factor of X**!. Define v : fM — X the canonical projection on the first
factor and 4, := maxo<p<m dp(f)-

PROPOSITION 5.2: There is a constant ¢, > 0 independent of M such that if T
is a positive closed (k — m,k — m)-current on X, then u*(T) defines a positive
closed current of bidimension (m,m) on X**1 with

[u*(T)|| < es|T||(8m + €)™

Proof. By Skoda’s theorem [19], the trivial extension of w*(T) is positive and
closed in X**! provided that «*(T) has finite mass. So, it is enough to estimate
|[w*(T)||- By Theorem 2.1, the case where T' is smooth implies the general case.
Hence, we can assume that T  is smooth. The proof uses an induction on s.
For s = 1 we have I'yy = T',,,. We need to show that (u*(T),wi Aw]" ") <
17| (6 + €)™, for 0 < r < m. Choose a constant ¢ > 0, independent of T
such that ¢||T|lw*=™+" — T A w" is cohomologous to a smooth positive closed

form. Hence, since T is smooth
(W™ (T) Awp, w"™") = (W (T Aw"),wi"™")
< ellTIHws ™™ " ATy, 01" ")
= || T Am—r(f™).

The desired estimate follows.

Now, assume the inequality for |[M| = s — 1 and for arbitrary T, smooth or
not. We will prove it for |M| = s and for T smooth. We have to estimate
(W (T),wy® A -+~ Awle) with 7o + -+ - + 7, = m. Since this integral is equal to
(T A w™),wi* A -+ Awhs), we can replace T by T'A w™ and assume that
ro = 0. Now, let 7 be, as in Proposition 4.2, the projection from X**! on the
last s factors. Define © := W™ where @ is the canonical Kéhler form on X*. It
is enough to estimate (u*(7T'),75(0)) = (12, (u*(T)), O).

Observe that 72.(u*(T')) is supported in I'p;s (see Proposition 4.2) and has no
mass on analytic subsets of I"j;/, since T is smooth. Let r m denote the largest
Zariski open subset of I'j;, which is locally a graph over the first factor X of
X% and let o/ : T M’ — X denote the canonical projection on this factor. We
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will prove as in Lemma 3.2 that 7o.(u*(T)) = «'*(f™ (T)) on a Zariski open
set of I'p;/. We first assume this and complete the proof.
The case s = 1 implies that

£ (D)) = HT"Q* (WT(T) A le)” < (T) AT, || ST (6 + €)™
The case |M| = s — 1, applied to M’ and f™(T), yields

(r2: (u(1)),©) = (" (£7"(T)), ©) < | £ (D) (O + €)™
ST (G + €)™

It follows that (u*(T'),75(©)) < |T)|(6m + €)™ which implies the result.

Now, we prove the identity 7o, (u*(T')) = u'*(f™(T)) on a Zariski open set of
T'pr. Let U C T'pp be a small neighbourhood of a generic point in I'p;7. Then
u' defines a biholomorphic map between U and an open set V C X. If U is
small enough, f~" restricted to V is given by a family of biholomorphic maps
ur : V. — V. C X. Observe that a generic point (z,z) € I'ps is sent by 72 to
z € Ty if and only if z is sent by f™! to u/(z). Then, 72_“1] is given by a family
of biholomorphic maps between U and the open sets in 'y,

Ur = {(ur(u'(2)),2) e X x X*, z€U}.

These maps, by definition of 73, are equal to z — (u,(u'(z)),z) From the
definition of u, we deduce that uoTy (1] is given by the family of the biholomorphic
maps urou' : U — V,. Hence, on U we have

o0 (1) = Y (o) (1) = " (D (1)) =" (127 (7))

This implies the result. |

6. Julia and Fatou sets

We discuss here a notion of Julia and Fatou sets for correspondences. Let
B, (r) denote the ball of center x and of radius r. The following function, which
describes the local growth of volume of graph, has strong links with the Julia
and Fatou sets :

O(x) = 711;% 1iTrlILsOL<1Dp % log volume (T, Ny *(Bx()))
(we can also consider I, instead of T';,). Since m restricted to I';, has topo-
logical degree do(f)™, we have ®(z) > logdy(f). Proposition 4.2 implies that
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®(z) < max,logd,(f). It is easy to check that the function ® is upper semi-
continuous. One can study the sets {® < ¢} and {® > ¢} as analogues of Fatou
and Julia sets. It is likely that ergodic invariant measures of maximal entropy, if
they exist, are supported on the set where ® takes the maximal value. Consider
some examples.

Example 6.1: Let f : P¥ — P* be a holomorphic map of algebraic degree d > 2.
It is well-known that d~P" f"*(whg) converges to T?. Here, wps denotes the
Fubini-Study form on P* and T denotes the Green (1, 1)-current of f. The vol-
ume of I';, N7y (B, (r)) is the sum over p of the integrals { f™* (whg) B, (r): w§§p>
on B,(r). One estimates these integrals using the speed of convergence of
d=" " (wrs) toward T, see [18, 3, 5], and one deduces that ®(z) = logdP if
x € supp(TP) \ supp(TPT1). The support supp(7TP) of TP and its complement
are the Julia and the Fatou sets of order p associated with f. For p = 1, one
obtain the classical Fatou and Julia sets, see [11]. The function ® takes only
k 4+ 1 values and the set {® > logdP} supports the invariant positive closed

current 71P.

The following trivial example shows that, in general, Fatou and Julia sets
cannot be characterized only by the values of ®.

Example 6.2: Consider f : P! — P! given by z ~— 2z, where z is an affine coor-
dinate. Then ®(z) = 0 everywhere but the family (f™),>0 is locally equicontin-
uous except at 0. The limit of I';,, contains a singular fiber m; 1 (0) as component.
Taking a product of f with other holomorphic maps gives analogous examples
in any dimension with positive entropy.

One sees in the example below that the meromorphic case is quite more
delicate.

Example 6.3: Let f : P> — P2 be the meromorphic map given by
(z,w) = (2" w™), d>2,

where (z,w) denotes affine coordinates of P2. Using the fact that f2(z,w) =
(de,wdz), we obtain that ®(0) = 0; but 0 is a point of indeterminacy of f.

Now define

volume(Fn N Wfl(Bx (7’)))
VU(z) := limsuplimsu
( ) T~>Op n—>oop r2kd0(f)n
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It is left to the reader to check that if f is a holomorphic endomorphism of
P* then {¥ < 0o} and {¥ = oo} are the Fatou and Julia sets of f.
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